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IDEALS OF OPERATORS ON (⊕ℓ∞(n))ℓ1
DENNY H. LEUNG
Abstract. The unique maximal ideal in the Banach algebra L(E),
E = (⊕ℓ∞(n))ℓ1 , is identified. The proof relies on techniques developed
by Laustsen, Loy and Read [7] and a dichotomy result for operators
mapping into L1 due to Laustsen, Odell, Schlumprecht and Zsa´k [8].
Given a Banach space E, it is a natural problem to try to understand
the ideal structure of the Banach algebra L(E). In the classical period,
the only Banach spaces E for which the lattice of closed ideals in L(E)
are fully understood are Hilbert space [2, 4, 11] and the sequence spaces
c0 and ℓ
p, 1 ≤ p < ∞ [3]. In the past decade, starting with [7], there
has been a resurgence of interest in the problem and new results have been
obtained, see, e.g., [5, 6, 8, 9, 10, 12, 13]. One should also mention the recent
breakthrough example AH by Argyros and Haydon [1], where L(AH) is well
understood because of a very different reason. In this note, we make a small
contribution to the program by identifying the unique maximal ideal in the
algebra L(E), where E = (⊕ℓ∞(n))ℓ1 . Our method is slightly more general
in the sense that it works also for the space E = (⊕ℓ2(n))ℓ1 , which gives an
alternate proof of the main result of [9].
Let En be finite dimensional Banach spaces and let E = (⊕En)ℓ1 . Given
a subset I of N, denote by EI the subspace (⊕n∈IEn)ℓ1 . The natural em-
bedding of EI into E is denoted by JI and the natural projection from E
onto EI is denoted by PI . If I = {n}, then we write for short Jn and Pn
respectively. Let T be a bounded linear operator on E, then T has a natural
matrix representation (Tmn), where Tmn = PmTJn : En → Em. Denote the
nth column in this representation by Tn. Thus Tn = TJn : En → E. Since
En is finite dimensional, limm J[m,∞)P[m,∞)Tn = 0 in the operator norm.
Let X,Y,Z be Banach spaces. If T : X → Y is a bounded linear operator
and ε > 0, define
FacεZ(T ) = inf{‖R‖ ‖S‖ : R ∈ L(X,Z), S ∈ L(Z, Y ), ‖T − SR‖ ≤ ε}.
For Z = c0, respectively ℓ
1, we write Facε0(T ) and Fac
ε
1(T ), respectively. Let
GZ(X,Y ) = {T ∈ L(X,Y ) : T = SR,R ∈ L(X,Z), S ∈ L(Z, Y )}.
In the sequel, T will always denote a bounded linear operator on E.
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Lemma 1. Suppose that there exists an embedding θ : E → ℓ∞ such that
supn Fac
ε
1(θTn) < ∞. Then d(θT,Gℓ1(E, ℓ
∞)) ≤ ε, where d is the distance
in the operator norm.
Proof. There are a finite constant C > 0 and operators Rn : En → ℓ
1,
Sn : ℓ
1 → ℓ∞ such that ‖θTn − SnRn‖ ≤ ε, ‖Rn‖ ≤ 1, ‖Sn‖ ≤ C for all n.
For x = (xn) ∈ E, let Rx = (Rnxn) ∈ (⊕ℓ
1)ℓ1 . Define S : (⊕ℓ
1)ℓ1 → ℓ
∞
by Sy =
∑
Snyn, where y = (yn). It is easy to check that ‖R‖ ≤ 1,
‖S‖ ≤ C, and that ‖θT − SR‖ ≤ ε. Since (⊕ℓ1)ℓ1 is isometric to ℓ
1, SR ∈
Gℓ1(E, ℓ
∞). 
Lemma 2. Suppose that W =
∑3
i=1Wi, where W,Wi belong to L(X,Y ).
Then, for any ε > 0, Fac3ε1 (W ) ≤ 3max1≤i≤3 Fac
ε
1(Wi).
Proof. For 1 ≤ i ≤ 3 and any δ > 0, there exist Ri : X → ℓ
1 and Si : ℓ
1 → Y
with ‖Ri‖ ≤ 1, ‖Si‖ ≤ Fac
ε
1(Wi) + δ and ‖Wi − SiRi‖ ≤ ε. Define R : X →
ℓ1 ⊕1 ℓ
1 ⊕1 ℓ
1 and S : ℓ1 ⊕1 ℓ
1 ⊕1 ℓ
1 → Y by Rx = (R1x,R2x,R3x) and
S(z1, z2, z3) =
∑3
i=1 Sizi. Then ‖R‖ ≤ 3, ‖S‖ ≤ max1≤i≤3 Fac
ε
1(Wi) + δ,
and ‖W − SR‖ ≤ 3ε. Since ℓ1 ⊕1 ℓ
1 ⊕1 ℓ
1 is isometric to ℓ1, the proof is
complete. 
Proposition 3. Let X be a Banach space. Take Gi
ℓ1
(X) to be the set of
operators T in L(X) such that there exists an embedding θ : X → ℓ∞ with
θT ∈ Gℓ1(X, ℓ∞). Then G
i
ℓ1
(X) is a closed two-sided ideal in L(X). It is
proper provided that X contains uniformly isomorphic copies of ℓ∞(k).
Proof. Suppose that θ and T are as stated in the proposition. By the
extension property of operators into ℓ∞, for any bounded linear operator
W : X → X, there exists a bounded linear operator V : ℓ∞ → ℓ∞ such
that V θ = θW . Thus θWT = V θT ∈ Gℓ1(X, ℓ∞). The verification of
the remaining conditions for Gi
ℓ1
(X) to be a two-sided closed ideal in L(X)
is straightforward. If the identity map on X belongs to Gi
ℓ1
(X) and X
contains uniformly isomorphic copies of ℓ∞(k), then the identity operators
1k : ℓ
∞(k)→ ℓ∞(k) uniformly factor through ℓ1, which is impossible. 
Fix a surjective map Q : ℓ1 → (⊕E′n)c0 with ‖Q‖ ≤ 1. Then θ = Q
′ :
E → ℓ∞ is an embedding such that ‖θ‖ ≤ 1. If I1 and I2 are subsets of N,
we write I1 < I2 to mean that max I1 < min I2.
Proposition 4. Let T be an operator in L(E)\Gi
ℓ1
(E). There exist ε > 0,
n1 < n2 < · · · , subsets I1 < I2 < · · · of N, such that, taking Wj = PIjTJnj ,
we have supj Fac
ε
1(θJIjWj) =∞.
Proof. There exists ε > 0 so that d(θT,Gℓ1(E, ℓ
∞)) > 3ε. By Lemma 1,
supn Fac
3ε
1 (θTn) = ∞, where Tn = TJn. Let n0 = 1 and I0 = ∅. Suppose
that n0 < · · · < nj−1 and I0 < · · · < Ij−1 have been chosen. Let r =
max Ij−1. Then the maps (P[1,r]Tn)
∞
n=1 are uniformly bounded and have
common finite dimensional range E[1,r]. Therefore, supn Fac
ε
1(P[1,r]Tn) <
∞. Hence C = supn Fac
ε
1(θJ[1,r]P[1,r]Tn) < ∞. Pick nj > nj−1 so that
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Fac3ε1 (θTnj) > 3(C + j). There exists s > r such that ‖J[s,∞)P[s,∞)Tnj‖ < ε.
Then Facε1(θJ[s,∞)P[s,∞)Tnj ) = 0. Since
θTnj = θJ[1,r]P[1,r]Tnj + θJ(r,s)P(r,s)Tnj + θJ[s,∞)P[s,∞)Tnj ,
it follows from Lemma 2 that
3(C + j) < Fac3ε1 (θTnj) ≤ 3(C ∨ Fac
ε
1(θJ(r,s)P(r,s)Tnj)).
Let Ij = (r, s). Then Ij > Ij−1 and Fac
ε
1(θJIjWj) > j. 
Assume that
(∗) (dimEn) is unbounded and that there is a finite constant C such that
for any m < n, there are bounded linear operators imn : Em → En
and qmn : En → Em so that qmnimn = 1Em , ‖imn‖ ≤ 1, and ‖qmn‖ ≤
C.
Such is the case, in particular, if En = ℓ
∞(n) for all n. Given two sequences
(Un) and (Vn) of bounded linear operators Un : Xn → Yn, Vn : Gn → Hn,
we say that Un factor through Vn uniformly if there exists K <∞ such that
for any n, there exist kn and Rn ∈ L(Hkn , Yn), Sn ∈ L(Xn, Gkn) satisfying
Un = RnVknSn and ‖Rn‖ ‖Sn‖ ≤ K.
Theorem 5. Suppose that T ∈ L(E) and condition (∗) holds. Let I1 < I2 <
· · · , N1 < N2 < · · · be finite subsets of N and set Wj = PIjTJNj , j ∈ N.
Assume that 1En factor through Wj uniformly. Then 1E factors through T .
Proof. Note that if a subsequence of 1En factor through Wj uniformly, then
so do 1En by property (∗). Replace (Wj) by a subsequence if necessary to
assume that there is a finite constant K and operators Rj ∈ L(EIj , Ej),
Sj ∈ L(Ej, ENj ) such that ‖Rj‖ ≤ 1, ‖Sj‖ ≤ K and 1Ej = RjWjSj for all
j. Choose ε > 0 so that
(1) C
{
K
(∑
r<s
ε
22r+2s
+
∑
2≤r<s
ε
22r+2s−1
+
∞∑
r=1
ε
24r−1
)
+
∞∑
s=1
ε
22s+1
}
< 1.
For each r, lims ‖PIsTJNr‖ = 0. Hence, by using a further subsequence of
(Wj), we may assume that
(2) ‖PIsTJNr‖ ≤
ε
2r+s
if s > r ≥ 1.
For any p ∈ N, denote by Vp the operator PIpTJ∪∞r=p+1Nr : E∪∞r=p+1Nr → EIp .
Fix k and p. If j > p, let ejp = P∪∞r=p+1NrJNj be the natural embedding of
ENj into E∪∞r=p+1Nr . The sequence VpejpSjikj, j > max{k, p}, is a uniformly
bounded sequence of operators between the finite dimensional spaces Ek and
EIp and hence is compact in the operator norm. Thus, there are an infinite
subsequence (mp) of N and a decreasing sequence (Mp) of infinite subsets of
N such that mp ∈Mp and that
(3) diam{VmpejmpSjirj : j ∈Mk+1} ≤
ε
2k+1
, 1 ≤ p, r ≤ k,
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where the diameter is measured with respect to the operator norm. Define
R,S and q ∈ L(E) by
Rx =
∞∑
s=1
Jm2sRm2sPIm2sx,
Sx =
∞∑
r=1
JNm2rSm2r ir,m2rPrx−
∞∑
r=2
JNm2r−1Sm2r−1ir,m2r−1Prx,
qx =
∞∑
r=1
Jrqr,m2rPm2rx
for any x ∈ E. It is easy to check that R,S, q are indeed bounded linear
operators on E. In particular, ‖qx‖ ≤ C
∑
‖Pm2rx‖ ≤ C‖x‖ and hence
‖q‖ ≤ C. Since ‖JI‖, ‖PI‖, ‖Rm‖, ‖imn‖ ≤ 1 and ‖Sm‖ ≤ K,
∑
r<s
‖Jm2sRm2sPIm2sTJNm2rSm2r ir,m2rPr‖(4)
≤ K
∑
r<s
‖PIm2sTJNm2r ‖
≤ K
∑
r<s
ε
2m2r+m2s
by (2)
≤ K
∑
r<s
ε
22r+2s
.
Similarly,
(5)
∑
2≤r<s
‖Jm2sRm2sPIm2sTJNm2r−1Sm2r−1ir,m2r−1Pr‖ ≤ K
∑
2≤r<s
ε
22s+2r−1
If r > s, then Sm2rEm2r ⊆ ENm2r . Since Nm2r ⊆ N = ∪
∞
l=m2s+1
Nl,
JNPNJNm2r = JNm2r . Thus,
PIm2sTJNm2rSm2r = (PIm2sTJN )(PNJNm2r )Sm2r = Vm2sem2rm2sSm2r .
Similarly,
PIm2sTJNm2r−1Sm2r−1 = Vm2sem2r−1m2sSm2r−1 .
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Therefore,
∑
r>s
‖Jm2sRm2sPIm2sT (JNm2rSm2r ir,m2rPr − JNm2r−1Sm2r−1ir,m2r−1Pr)‖(6)
≤
∑
r>s
‖Jm2s‖ ‖Rm2s‖ ‖Vm2sem2rm2sSm2r ir,m2r−
Vm2sem2r−1m2sSm2r−1ir,m2r−1‖ ‖Pr‖
≤
∞∑
s=1
∞∑
r=s+1
diam{Vm2sejm2sSjirj : j ∈M2r−1}
≤
∞∑
s=1
∞∑
r=s+1
ε
22r−1
by (3)
≤
∞∑
s=1
ε
22s+1
.
Also,
∞∑
r=1
‖Jm2rRm2rPIm2rTJNm2r−1Sm2r−1ir,m2r−1Pr‖(7)
≤
∞∑
r=1
K‖PIm2rTJNm2r−1‖ ≤ K
∞∑
r=1
ε
24r−1
by (2).
Furthermore,
q
∞∑
r=1
Jm2rRm2rPIm2rTJNm2rSm2r ir,m2rPrx(8)
= q
∞∑
r=1
Jm2rRm2rWm2rSm2r ir,m2rPrx
= q
∞∑
r=1
Jm2r ir,m2rPrx
=
∞∑
r=1
Jrqr,m2r ir,m2rPrx =
∞∑
r=1
JrPrx = x
for all x ∈ E. Combining formulae (4) to (8), we find that
‖qRTS − 1E‖ ≤ ‖q‖
{
K
(∑
r<s
ε
22r+2s
+
∑
2≤r<s
ε
22r+2s−1
+
∞∑
r=1
ε
24r−1
)
+
∞∑
s=1
ε
22s+1
}
< 1
by (1), since ‖q‖ ≤ C. Hence qRTS is invertible in L(E). Therefore,
1E = ((qRTS)
−1qR)TS
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factors through T . 
Next, we apply the crucial dichotomy theorem from [8]. The precise
version we will employ is derived as a corollary. The closed unit ball of a
Banach space X is denoted by BX .
Theorem 6. [8, Theorem 2.1] Let Um : Xm → L
1 be a uniformly bounded
sequence of operators. Then then the following dichotomy holds:
(a) either the identity operators 1ℓ1(k) uniformly factor through the Um,
(b) or, for any ε > 0, there exists M > 0 such that for all m, there
exists gm ∈ L
1
+ with ‖gm‖L1 ≤ M and UmBXm ⊆ {f ∈ L
1 : |f | ≤
gm}+ εBL1 .
Corollary 7. Let X be a Banach space and let Um : X → L
1 be a uniformly
bounded sequence of finite rank operators. Then
(a) either the identity operators 1ℓ1(k) uniformly factor through the Um,
(b) or, for any quotient map ξ : ℓ1 → X, supm Fac
ε
0(Umξ) < ∞ for all
ε > 0.
Proof. Suppose that condition (b) of Theorem 6 holds and let ξ : ℓ1 → X
be a quotient map. We may assume that ‖ξ‖ ≤ 1. Denote the unit vector
basis of ℓ1 by (ek). Given ε > 0, let M and gm be as in (b) of Theorem 6
for the constant ε/2 in place of ε. For each r, let Er denote the conditional
expectation operator with respect to the σ-algebra generated by the dyadic
intervals ([ j−12r ,
j
2r ))
2r
j=1. Er is a positive operator on L
1 of norm 1 and
limEr = 1L1 in the strong operator topology. Since Um has finite rank, there
exists rm such that ‖Um − ErmUm‖ ≤ ε/2. For all m and k, there exists
fmk ∈ L
1, |fmk| ≤ gm and ‖Umξek−fmk‖L1 ≤ ε/2. Then |Ermfmk| ≤ Ermgm
and
‖Umξek − Ermfmk‖ ≤ ‖Umξek − ErmUmξek‖+ ‖ErmUmξek − Ermfmk‖ ≤ ε.
Take amk = (amk(j))
2rm
j=1 ∈ ℓ
∞(2rm), |amk| ≤ 1, such that
Ermfmk =
2rm∑
j=1
amk(j)χ[ j−1
2rm
,
j
2rm
) · Ermgm.
Define Sm : ℓ
1 → c0 by Smek = (amk(1), . . . , amk(2
rm), 0, . . . ), and Rm :
c0 → L
1 by Rm((aj)) =
∑2rm
j=1 ajχ[ j−1
2rm
, j
2rm
) · Ermgm. Then ‖Sm‖ ≤ 1,
‖Rm‖ ≤ M and ‖Umξ − RmSm‖ ≤ ε. This shows that supm Fac
ε
0(Umξ) ≤
M . 
We are now ready to prove the main result of the paper.
Theorem 8. Let E = (⊕ℓ∞(n))ℓ1 . If T is a bounded linear operator on E
such that T /∈ Gi
ℓ1
(E), then 1E factors through T . Consequently, G
i
ℓ1
(E) is
the unique maximal ideal of L(E).
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Proof. It has been observed that Gi
ℓ1
(E) is a proper closed ideal of L(E).
Hence the second assertion of the theorem follows from the first. Let En =
ℓ∞(n) and Fn = ℓ
1(n). Set F = (⊕Fn)c0 and FI = (⊕n∈IFn)c0 for any
subset I of N. Denote by πI the natural projection from F onto FI . Then
F ′ and F ′I may be naturally identified with E and EI respectively. With this
identification, π′I = JI . Recall that we have fixed a quotient map Q : ℓ
1 → F
and let θ = Q′. By Proposition 4, there exist ε > 0, n1 < n2 < · · · and
I1 < I2 < · · · ⊆ N, such that, setting Wj = PIjTJnj : Enj → EIj , we
have supj Fac
ε
1(θJIjWj) = ∞. Since Ij is a finite set, W
′
j ∈ L(FIj , Fnj ) and
W ′′j = Wj . Let Vj = W
′
jπIj : F → Fnj . Then supj Fac
ε
1((VjQ)
′) = ∞ and
hence supj Fac
ε
0(VjQ) = ∞. Fix bounded linear operators αj : Fnj → L
1,
βj : L
1 → Fnj such that ‖αj‖, ‖βj‖ = 1 and βjαj = 1Fnj . Let Uj = αjVj :
F → L1. Since VjQ = βjUjQ and ‖βj‖ = 1, we must have supj Fac
ε
0(UjQ) ≥
supj Fac
ε
0(VjQ) = ∞. By Corollary 7, 1ℓ1(k) uniformly factor through the
Uj. Thus 1ℓ∞(k) uniformly factor through the U
′
j = JIjWjα
′
j and hence
through the Wj. Therefore, 1E factors through T by Theorem 5. 
Remark. For a sequence of operators Um : (⊕
m
i=1Hi)ℓ∞(m) → K, where
Hi and K are Hilbert spaces, [7, Lemma 5.3] leads to a dichotomy theorem
analogous to Corollary 7. As a result, one may adapt the foregoing argu-
ments to prove that for E = (⊕ℓ2(n))ℓ1 , Gℓ1(E)) is the unique maximal ideal
of L(E). The main result of [9] follows easily.
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